A classical action which describes the motion of a system of small-point massive charged particles including the existence of the electromagnetic and gravitational self-forces, Maxwell equations and Einstein field equations is presented. The action possesses the particularity of being a functional of the variables z i (τ i ), the trajectory of the i-particle, A α (x), the electromagnetic 4-potential, and g αβ (x), the metric tensor. It is also considered that the metric tensor g αβ (x) and the potential A α (x) are not functions of the trajectory of each particle when the variations with respect to the trajectories of the particles are done. That is, the action is complete. The electromagnetic and the gravitational self-forces are analyzed.
Introduction
Classical Electrodynamics and General Relativity represent two of the most important theories developed during the last century. Although they are apparently formally consistent and closed models, there still exist some unsolved issues like the electromagnetic and gravitational self-forces. Indeed, even if for many authors the Lorentz-Dirac equation [1] represents the best description of the motion of a charged point particle in Special Relativity, different proposals have appeared in order to avoid the unphysical predictions of such equation as the runaway solutions and the preaccelerations [2] . Nowadays, many authors consider the Landau-Lifshitz equation of motion as an excellent approximation which prevents questionable solutions due to its second order equation
At first glance, one might think that the system of equations, including the self-forces, makes no sense because the electromagnetic field and the metric tensor diverge at the particle world lines. However, as we have noted above, the different techniques developed to obtain an expression for the self-forces avoid the divergences by using renormalization processes as Dirac [1] did or by considering regular Greens functions as Detweiler did [17] [19] , among others. In both cases, an average of a regular field (not divergent) over a small surface is accomplished in order to calculate the self-force; in this order of ideas the concept of small-point massive charged particle is consistent with the technique cited above. Moreover, as we mentioned before, the use of the point character of the charged particles represents just a ruse due to the unknowledge of the structure of the charges. Moreover, a technique developed by Tessarotto et al. [26] , by using a wire function which can be identified with a suitable distribution of the charge, may avoid the divergences. Or simply, as an axiomatic approach, in order to avoid the divergences, it is convenient to require that the average techniques describe the self-actions on smallpoint particles.
One might ask why quantum picture is not adopted. Indeed, Galley et al. [27] provides a quantum field theoretical derivation of the Abraham-Lorentz-Dirac equation and of the MiSaTaQuWa equation. Although the approach is performed with an interaction action which contains parallel propagators, ( ) , in the particle action the parallel propagator is not included. Indeed, in an interaction action, the stress-energy tensor expression contains the parallel propagators. For obtaining, the Einstein field equations, Poisson et al. [17] use a particle action with a metric tensor which is function of the trajectory of the particle. They claimed that the energy-stress tensor is derived by functional differentiation of the particle action with respect to metric tensor evaluated at x, that is Therefore, the purpose of the article will be accomplished by including the parallel propagators in the complete action. Quantum aspects are not considered since the goal consists of finding the form of the complete action.
Summarizing, the difference with the standard treatments consists of including the parallel propagator in the particle and interaction actions in order to obtain an action for a system of charged small-point particles which functionality does not possesses inconsistencies and the variations of each degree of freedom, , lead to the equations of motion for each particle, the Einstein field equations and the Maxwell equations in curved space.
The article is organized as follows: in the second section, the complete functional action for a system of charged particle in curved space is proposed. The third section is advocated to obtain the formal equations of motion for each particle with self-forces, both electromagnetic and gravitational, the Maxwell equations and the Einstein field equations. In the fourth section, an analysis about the self-forces is presented. Some concluding remarks are done in the fifth section.
The Complete Action

Least Squares Estimation and Strong Consistency
In order to describe the motion of a charged particle submitted to an external electromagnetic field in Special Relativity, a simple action is proposed,
where m, n µν , z µ , τ, q and A µ represent the mass of the particle, the Minkowski metric tensor, the 4-vector coordinate of the particle, the proper time of the particle, the charge of the particle and the 4-vector electromagnetic potential, respectively. By considering that the action is stationary with respect to small variations of the particle trajectory, the Lorentz force is obtained
where v ν and
Obviously, no reaction force is deduced. The Maxwell equations can be derived by a similar procedure taking 
and considering that F S is stationary with respect small variations of the 4-vector potential,
where j µ is the 4-vector density. A straightforward generalization to General Relativity can be done. However, it has to be noted that no reaction force or self-force is obtained and two different actions are considered. When a total Lagrangian for a system of charged particles in General Relativity is proposed [24] , in order to describe a stationary situation with respect to small variations of the particle trajectories and the 4-vector potential, taken the metric tensor, g µν , as a prescribed external gravitational field, the existence of self-interaction will be deduced in a natural way as we will see. Nevertheless, a new problem emerged. Indeed, the standard action is ( ) ( ) ( ) ( )
where p, i m , g µν , i z µ and i q represent any parameter, the mass of the i-particle, the metric tensor and the charge of the i-particle, respectively. , for deducing the Maxwell equations depending on the convenient. Therefore, the result is obtained by misunderstanding the concept of functionality of an action at the moment of obtaining the variation with respect the variables. in this sense, if i z and
( )
A x
µ represent the variables of the action, they must be considered as independent and therefore, the variation of one of them implies that the other one must be kept as a constant during this process. Finally, the standard action should be abandoned for a new one that considers independent variables; that is: the new action must be written as ( ) ( )
, which represents the appropriate form for the required variations and not as
Parallel Propagator
In order to be able to propose a complete action it is necessary to define some mathematical tools. 
The subscript "i" has been introduced for defining each tetrad for each particle. The uniqueness of ( ) ( )
has been proved by Dewitt and Brehme [9] in the sense that it is independent of the choice of the tetrad but it does depend on x and ( )
, their use is justified by noticing that a stationary situation contemplates small variations of the trajectories of the particles. Therefore, the possible non-unicity of the geodesic will be avoided. On the other hand, the variation of the metric tensor implies a variation of the tetrad. However, the variation of the tetrad, as we will see later, can be always expressed as a variation of the metric tensor and consequently it will not explicitly appears. In order to simplify the notation the subscript "i" could be dropped and the tetrad and the parallel propagator could be simply expressed by ( ) 
We shall here adopt the convention that indices taken from the letters α to κ in the Greek alphabet are always associated with the point x, while indices taken from λ to ω are always associated with the particle i z . It has to be noted that when a vector or tensor field is defined in all the space, a parallel transport of it will not coincide with the value of the field in this point. As for example, if we consider the 4-vector potential ( ) A x α and the parallel propagator is applied, we have
. This is because the value of the 4-potential is governed by the inhomogeneous wave equation and not by a parallel transport. This comment has to be taken on mind at the time of applying ( ) ( )
to any set of 4-vectors or 4-tensors in the action or not.
Complete Action
Once the parallel propagator has been defined , invariant quantities can be introduced in the action. Indeed, the term ( )
. This last expression represents an invariant which contains a 4-potential depending on x. A complete action can now be defined. The action will be a functional of the following independent variables: the trajectories of each particles, i z , the electromagnetic 4-potential, Since the 4-potential and the metric tensor cannot be expressed as functions of the trajectories, the parallel propagator will appear in the complete action. The proposed action is composed by:
A-The particle action, p S ,
where p represents any parameter and ( ) ( )
, with g the determinant of the metric tensor;
C-The electromagnetic field action, F S ,
where the electromagnetic field-strength tensor F αβ is the same as in Equation (3); D-The gravitational field action, G S ,
being ( ) R x the curvature scalar. Finally, we arrive to the complete action, S,
As promised in the introduction, an action is proposed whose independent variables are z µ , g αβ and A α without confusing the dependence of these, i.e.: z µ is a function p, g αβ and A α are functions of x. Therefore, the action described by Equation (14) does not represent a standard action due to the introduction of the parallel propagator not only in the interaction action but also in the particle action.
The Variation of the Complete Action
Once the action is proposed, the equations arising from them must be derived by making the variations of it with respect to z µ , g αβ and A α . The variation of the complete action can be expressed as 
Variation with Respect to the Metric Tensor δS g
The variation of S with respect to the metric tensor is, 
we have
Let us first analyze g R αβ δ
. Some results have to be pointed out before obtaining it. We know that
Therefore, it is necessary to notice that the variation of a covariant derivative of a 4-vector is different to the covariant derivative of the variation of a 4-vector; that is: ( 
We are now in conditions to calculate the variation of the affine connections, ( )
By using Equation (19), we arrive at
Therefore, from Equations (20) and (21), we obtain that
represents a tensor [24] . Therefore, the variation of R αβ is
.
So, the last term of Equation (17) can be written as ( )
On the other hand, since
This term vanishes when it is integrated over the 4-volume. Returning to Equation (17), it is clear that we need to know g δ − . It is easy to see that ( )
By using Equations (19) and (26), the variation of G S with respect to the metric tensor, 
It is clear that if we consider an empty space, it is obtained 1 0 2 R Rg αβ αβ − = , which represent the Einstein field equations in vacuum. However, if the system contains point massive charged particles, the other parts of the action have to be considered. Let us now calculate the variation of P S , Equation (10) with respect to the metric tensor; that is:
A simple inspection shows that it will be necessary to know the variation of the parallel propagator with respect to the metric tensor. Indeed, when the metric tensor suffers a variation, the tetrads, which generate the parallel propagators, are also varied and consequently the parallel propagators too. 
In the other side, 
The result described by Equation (27) has been recovered. It has to be remembered that the use of the tetrad is just justified in the
. This is satisfied since a stationary situation contemplates small variations of the trajectories of the particles. Let us return to the variation . However, the variation with respect to the metric tensor is related with the one respect to the tetrad by Equation (29) . It is necessary to investigate the variation of the parallel propagator with respect to the tetrad, 
Therefore, we arrive at
By using Equation (29), we obtain (simplifying ( ) 
It has to be noticed that we have used the identity, 
where, by changing the parameter p to the proper time of each particle, i τ ,
It has to be remarked that, by using Equations (27) and (36), we obtain the Einstein field equations without
It has to be pointed out that we would obtain the same result by making the variation with respect to the tetrads, Equation (30), and substituting Equation (29) in Equation (36) . However, in the general case of a system of point massive charged particles, the total energy-momentum tensor, where the effect of the charges is included, has to be considered. That is, the variations of the interaction action, I S , and the field action, F S , must be done. Let us continue calculating the variation of I S , Equation (11) . It is observed that since the variation of the parallel propagator vanishes when is preceded by a Delta function, then 0
On the other hand, in order to make the variation of the field action with respect to the tensor metric, we need to notice that the metric tensor is hidden in the contravariant expression of the strength tensor,
Making use of Equation (19), 
Noticing that the Delta function does not appears in F S and using Equation (26), we arrive at 
This last expression represents the Einstein field equations for a system of point massive charged particles.
Variation with Respect to the Trajectories δS z
The variation of the complete action with respect the metric tensor has been achieved. The next step consists on calculating the variation of S with respect to the trajectories of the particles. If we analyze G S and F S , we will noticed that the variation with respect to the trajectories vanishes since it does not depend on the trajectories. 
On the other hand,
Combining this last result with Equation (49), we obtain
which seems similar to the Lorentz equation in General Relativity. However, when the Maxwell equations in General Relativity will be derived, a rapid inspection will show that the electromagnetic strength tensor in the i-particle,
, will include the effect of the i-particle; that is: the fact that the existence of the self-forces are included in this approach, it responds to criticism of Hammond [25] on the formal inconsistency in the theory (the self-force is not put into the action principle from which the equations are derived). Although the equations for the electromagnetic field have not yet been deduced, it can be guessed that a divergence appears due to the field of particle on itself. Moreover, a rapid inspection of the Einstein field equations shows that a divergence also exist due to the own gravity. A discussion of this difficulty is postponed until an analysis about the self-forces is presented in the fourth section. It has to be remembered that the particles are not point-like but small point-like, as we mentioned in the introduction, and no divergences must appears at the moment of considering the structure of the charges. However, since the particles are represented by using a Delta function, formally the divergences exist. 
which represent the Maxwell equations in General Relativity. By using Equation (3), we obtain
being □ the D'Alembertian and where we have used the Lorentz Gauge condition, ; 0 A α α = . We can now decompose the strength tensor by noticing that we can define
as the current density due to the i-particle. Therefore, each particle generates a 4-potential due to each particle 
However, R α β , the Ricci tensor has to be calculated by using the metric tensor which includes the knowledge of the total energy-momentum tensor. Therefore, the calculation of the electromagnetic 4-potential or the electromagnetic strength field, by using Equation (60), must be accompanied by solving Equations (52) and (42).
Summary
From Equations (27) , (36) , (40), (49) 
represents a set of coupling equations which describes the metric tensor in all the 4-volume space, the equation of motion for each small-point charged massive particle and the electromagnetic field in all the 4-volume space.
Analysis of the Equations
The Divergences
Equation (64) come from the action, Equation (14) and not from the standard action, Equation (6). It does not represent the standard Einstein-Maxwell system since the electromagnetic self-force for each particle is con- , the metric tensor must include the gravitational and electromagnetic effects due to the own particle). At first glance, it can be thought that divergence terms must appear in the self-forces expressions. Indeed, Dirac used the so-called renormalization of the mass in order to obtain its expression for the self-force in Special Relativity. Nowadays, the technique developed by Detweiler [19] could be used in order to avoid them as it has been showed by Poisson et al. [17] in General Relativity. Therefore, care must be taken when the equation of motion is deduced, not only formally, like in Equation (64), but when an specific expression is proposed. Indeed, the so-called inconsistency of the theory noticed by Hammond [25] is partially solved in the sense that self-interactions are present in Equation (64). However, their expressions for different cases have to be calculated. Moreover, various techniques have been used in order to deduce them. The most important contribution can be attributed to Dirac [1] , for the Special Relativistic case, and has been imitated by other authors in General Relativity as for example DeWitt and Brehme [9] , or Hobbs [10] (who corrected DeWitt and Brehme result by including the Ricci term), among others. It highlights the work done by Poisson et al. [17] , using techniques developed by Detweiler [19] , in order to deduce the expressions for the self-electromagnetic force for a point massive charge with a fixed metric tensor and for the self-gravitational effect for a non-charged massive point particle in a vacuum background spacetime. However, in both cases, Special Relativity and General Relativity, the deduction of the selfinteractions are still in dispute. Indeed, there exist many different proposals [2] in Special Relativity which differ from Diracs result. Besides the difficulties in flat space, naturally inherited in General Relativity, two main objections appear when curved spaces are considered. The first one is related with the interpretation of the Equivalence Principle for charged particles and the concept of radiated energy. This discussion was first induced by Boulware [11] and continued by Singal [12] . A major contribution is due to Parrot [13] since he directly put on the table the ambiguous definition of the Equivalence Principle and the concept of radiating energy. For example, about the Equivalence Principle, he commented: "However, we do conclude that most usual formulations seem not to hold in any direct and obvious way for charged particles". The second objection consists of putting on suspicion the covariancy of the deduction of the self-interactions expressions based on a not welldefined integral of the 4-energy-momentum since it attempts the illegitimate mathematical operation of summ-ing vectors in different tangent spaces [28] . Moreover, for Kim [29] , the MiSaTaQuWa equation [21] , [17] is not generally covariant and reflects a specific choice of coordinate system and would not preserve its form under an infinitesimal coordinate transformation. Moreover, some authors claim the non-existence of solutions to the equations for point particles [30] . Therefore, the knowledge of the charge structure may represent the solution to the divergences and the expressions of the self-forces [17] [22] [31]- [34] .
Despite all these arguments, It has been postulated, as a property of the small-point particle, that the self-force can be obtained by an average over a surface of the field following the particle [17] . Even if the average field diverges on the world line, it does not contribute to the net force and just the regular part of the average gives an effective force which can be considered as the self-force in both cases, electromagnetic or gravitational.
A Single Small-Point Massive Particle in a Background Vacuum Gravitational Field
As we mentioned before, the DeWitt and Brehme equation [9] , corrected by Hobbs [10] , represents the first attempt to obtain an equation of motion for a point massive charged particle in a curved space. However, for our purpose, it is preferable to start by analyzing the case of a the self-gravitational effect in a background vacuum gravitational field which tensor metric is g αβ . By putting, , g g h
where g αβ and h αβ represent the background vacuum metric tensor and the perturbation metric tensor due to the massive non-charged particle. The Einstein tensor is expressed as . It has to be remembered that g µν represents the metric tensor of the vacuum background gravitational field. The difficulty of calculating this term is exposed in different articles [35] - [37] .
A System of Small-Point Massive Charged Particles
First of all, it has to be noted that Equation (67) is obtained for a vacuum background gravitational field. When a system of non-charged particles is considered, the situation is more complicated. Indeed, in order to obtain the wave equation, it has been supposed that not only there is no other particles in the point considered but in all the space. That is, the background metric tensor has to be such that the vacuum Einstein equations are satisfied in all the space; that is: , the MiSaTaQuWa equation is still valid within the limits of its applicability. However, for the general case it seems to be very difficult to obtain a general expression. Nevertheless, we do not have to lose sight of that, as Messaritak [39] [40] commented, the self-force is causing the particle to move on a geodesic of the metric g g h αβ αβ αβ = + , Equation (65). In this vein, we can always describe the equation of motion, with or without other non-charged particles, as [21] , Wald and Quinn [20] , [17] . It
Concluding Remarks
There are three lines in order to close the problem: the first one consists of clarifying the doubts about the nonunicity of the self-actions starting by the different equations in Special Relativity [2] ; secondly, it is necessary to justify that the deduction of the self-forces is covariant taking into account the arguments related with illegitimate mathematical operation of summing vectors in different tangent spaces [28] , and with the possible non-generally covariance of the MiSaTaQuWa equation which apparently reflects a specific choice of coordinate system and does not preserve its form under an infinitesimal coordinate transformation [29] ; finally, the calculation of the metric tensor g µν and the tail term in the general case of charged particles have to be improved. It has to be noticed that maybe the key to solve the problem belongs to the knowledge of the internal structure of the point charged particles (an important effort has been done in the last years [17] ). Also it has to be mentioned that the deductions of the trajectories for different cases have contributed to understand the physics of the problem [35] - [37] . A comment about the tail terms has to be done. It is clear that the existences of the tail terms contribute to the non-applicability of the Stronger Equivalence Principle for charged particles but also for non-charged particles. However, in Quantum Mechanics, the Pauli Exclusion Principle (quantum indistinguishability) is not compatible with the tail terms since the motion of each particle will depend on its history and this will permit to distinguish each particle from the others. This contradiction has to be explained. The main result of this article is that it has been shown that from a complete action the Einstein field equations, the Maxwell equations and the equations of motions including the self-actions can be deduced. In these orders of ideas, the formal inconsistency of the theory, commented by Hammond [23] , partially disappears since even if the existences of the self-actions have been derived from an action principle, the deductions of their explicit forms are based on different anzats that generate, as we have mentioned, many discussions about their validities [2] [11]- [13] [28] [29] .
